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Abstract 



In this paper we analyze the existence of large positive radial solutions to some quasilinear 
. elliptic systems. Also, a non-radially symmetric solution is obtained by using a lower and upper 

solution method. The equations are coupled by functions which are increasing with respect to all 
p-n ■ the variables. 

> 
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■ 1 Introduction 

In the present work we prove some existence and non-existence theorems for the solutions of a quasi- 
linear elliptic pde's system of Schrodinger type. Let m E {1,2,3, ...} and r := \x\ the Euclidean norm 



of x G R . We begin now the precise statements of our existence theorems by assuming that the class 
of functions dj, fj (j = 1, ...,m) satisfy: 

(Al) dj : M. N — > [0,oo) are locally Holder continuous functions of exponent a G (0, 1); 

(CI) fj : [0, oo) m —> [0,oo) are continuously differentiable in each variable, /j(0, ...,0) = 0, 
fj (si, ...,s m ) > for Si > (i = 1, ...,m); 

(C2) fj are increasing on [0, oo) m in each variable; 

m 

(C3) f 1 °°[F(s)]- 1 /*>ds = oo (F(s) = J*Z i f i (t,...,t)dt). 

We are concerned with the following system of quasilinear elliptic partial differential equations in 
all of space 

ApUi (x) = ai (x) f\ (ui (x) , u m (x)) , 

xeR N (l.i) 

A p u m (x) = a m (x) f m (u\ (x) , u m (x)) , 

where TV— 1 > p > 1, A p stands for the p-Laplacian operator defined by A p u := div ^|Vu| p ~ 2 Vuj , 1 < 
p < oo. 

Problems related to (ll.lj) have received an increased interest in the past several decades (see [H EJ (U 
El HOI CE21 [El HEJ HU [20] with their references). On the other hand, it is well known that the form (jl.ljl is 
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very simple and easy to be written, many important nonlinear partial differential equations arising from 
several areas of mathematics and various sciences including physics, the generalized reaction diffusion 
theory and chemistry sciences take this form. Particularly, one of the most important classes of such 
partial differential equations are the time-independent Schrddinger equation in quantum mechanics 

(h 2 /2p)Au = {V - E)u (1.2) 

where h is the Plank constant, p is the mass of a particle moving under the action of a force field 
described by the potential V whose wave function is u and the quantity E is the total energy of 
the particle, problems which falls into the class of equations discussed here. The equation (jl.2p was 
invented at a time when electrons, protons and neutrons were considered to be the elementary particles 
(see [5] for details and some new device ). 

The modern structure of the nonlinear Schrodinger equation is much more complicated. Max 
Born says: " Who among us has not written the words 'Schrodinger equation' or 'Schrddinger function' 
countless times? The next generation will probably do the same, and keep his name alive" which is 
true and in our case even we will refer to more general problem (jl.ip . 

Our objective in the present work, in short, is to complete the principal results of [13] and [3] and 
other associated works (see for example, [U El El [TUl El HI [I5l [TBI [20] and references therein) showing 
non-existence and existence of solutions for the similar problem (jl.ip . 

Among the obtained results, two of them seem to be worth stressing. The first one is the problem of 
existence of a non-radially symmetric bounded solution to (jl.ip . The second one is to give a necessary 
and a sufficient condition for a positive radial solution of (jl.ip to be large. 

We summarize in the next theorems the main objectives of the paper: 

Theorem 1.1. Assume that a, (j = l,...,m) satisfy (Al), /,• satisfy (C1)-(C3) and that there exists 
a positive number e such that 

/•oo / m \2/p 

J t +£ iTj^pj (t) J dt < oo where tpj (t) = max aj (x) (1.3) 

p(jv-i) m 

and r p- 1 T, (r) is nondecreasing for large r then system U.l\) has a nonnegative nontrivial 



bounded solution on M. N . If, on the other hand, aj satisfy 

/ tV(p-i) £ V; P ~ 1} {t) dt = oo where V ? - (i) = mina,- (x) , (1.4) 
Jo i =1 H=t 

then system has no nonnegative nontrivial entire bounded radial solution on M. N . 



Theorem 1.2. Suppose that aj : [0,oo) —> [0, oo) (j = l,...,m) are continuous spherically symmetric 
functions (i.e. aj (x) = a,j(\x\)). If fj satisfy (C1)-(C3) then the problem (E2J) has a non-negative 

p(N-l) m 

non-trivial entire radial solution. Suppose furthermore that r p- 1 S aj (r) are nondecreasing for 
large r. If, in addition aj satisfies 

f°° ( 1 /"* \ 1 / < - p ~ 1 ' ) 

J \TN-I J sN ~ 1(1 j ( s ) ds j dt = oo for all j = 1, ...,m (1-5) 
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then any nonnegative nontrivial solution (u\, ...,u m ) of is large. Conversely, if has a non- 

negative entire large solution, then a,j satisfy 



oo / d \ 2/p 

1+e 



r 1+£ S aj (r) dr = oo, (1.6) 
o V =1 



for every e > 0. 



We remark that in the case p ^ 2 the above results are new even for the situation m = 1 analyzed 
in the work [20] . where the authors have a problem in the proof when N — 1 = p which is solved here. 

The contents of the paper are organized as follows: in Section [2] we establish a preliminary result. 
Section [3] deals with the proof of Theorem ll.l| Section [4] is devoted to proving Theorems 11.21 

2 Preliminary results 

For the statement of the next result we need some additional definitions. 

T la M 1 m 

Definition 2.1. A function (wi, w m ) £ C io '° (K ) (a G (0, 1) ) is called a lower solution of the 
problem hl.l\) if 

A P W! (x) > ai (x) fi (w\ (x) , w m (x)) for x £R N , 
ApW m (x) > a m (x) f m {wi (x) , w m (x)) for x £ R N . 



Definition 2.2. We will say that (v±, ...,v m ) S 
problem ( li. 1\) if 



C 



J (a € (0, 1) j is an upper solution of the 



ApUi (sc) < a 1 (x) /i (u x (x) ,...,v m (x)) for x E 



A p v m (x) < a m (x) f m (vt (x) , u m (x)) /or x e 



The proof of Theorem 1.1 is based on the results below, which can be proved as in [61 Theorem 
5.1, pp. 146], [161 Lemma 1, pp. 15] or [T7] in the same time with [12j . 



Lemma 2.1. Make the same assumptions on aj and fj (j = l,...,m) as in Theorem If the 

problem M-l\) has a pair of upper and lower bounded solutions {v\, ...,v m ) and (w±, w m ) fulfilling 
Wj(x) < Vj(x), (j = 1, ...,m), Vx € RL N then there exists a bounded function {u\, ...,u m ) belonging to 



C}£ (R N ) 



(a £ (0, 1) ) with 



Wj(x) < Uj(x) < Vj(x), Vx G 



and satisfying 
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3 Proof of the Theorem 11.11 



The proof is inspired by the corresponding ones for the p = 2 cases in [3] with some new ideas. Assume 
that (II, 3D holds. We use the method of lower and upper solutions for the problem (jl . If) . We look for 
an upper solution (vi,...,v m ) and a lower solution (wi, w m ). To find a positive lower solution, we 
observe that an arbitrary positive solution wi {i = 1, ...,m) to the following auxiliary system 



ApWi (r) = <£i (r) fi Oi, w m ) for r := \x\ , x G 



Apu; m (r) = </? m (r) / m (u;i, w m ) for r := \x\ , x £ 



(3.1) 



piV 



is the best candidate. We shall only study the radial solutions of (J3JJ), hence always write (13.ip in the 
following radial version: 

(p-l) w > 1 {rr- 2 w'( + ^^w' 1 {ry- 1 = ft (r)/ 1 («; 1 (r),..., !( , ra (r)), 

(3.2) 

rn (r) p ~ l = <p m (r) f m (wi(r),...,w m (r)). 



(p-l)<(rr 2 < + -" 



First we see that radial solutions of (|3.2p are any positive solutions (w\, w m ) of the integral equations 

(it, 



t«i(r) = ^ + ^ [W- 1 J sN Vi( s )/i(^i («),-, i» m (s)) <is 



( \ 1 

w m (r) = — + / . . „, 

m Jo V* ./o 



JV-1 



(s) /m («>1 (s) , W m (s)) ds 



V(P-1) 



(it. 



To establish a solution to this system, we use successive approximation. Define, recursively, sequences 



w 



_ J_ 

m m 



, r >0, 



i to = h + SS (p^t £ sN ~ Vi (-) /i (^i" 1 00 > •••> <-* w) *>) 



l/(p-l) 



(it 



W = i + Jo (p^T Jo *" _ Vm («) /m W , - (*)) 



V(P-1) 



(it. 



We remark that, for all r > 0, i = 1, m and k £ N 

wHr) > —, 
m 



and that {wf}^" 1 m are non-decreasing sequence on [0, oo). 
We note that {wf}^} m satisfy 



(p-1) 
(p-1) 



((.' 



np-2 



» N-l 



w7 + 



/IP- 1 



" N-l 



r 



p-i 



<Pi (r)fi(wt 1 W,-,^ 1 (r) 



(3.3) 
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Using the monotonicity of {wf } i=1 m yields 

V>1 (r) fx (wt 1 (r) , (r)) < Vl (r) f x («,*, ...,<) < ^ (r) .|/* .|^ fe ) , 



¥>m(r)/m(wf '(r),...,^ x (r)) < p m (r) /* (u,f, ...,«&) < <p m (r) .E/J .Ewf, .., Zw: 



(3.4) 



A' 

i / ' 



and, so 



(P-1) 



(P-1) 



iwf (r) 



p-1 



" N- 1 



™i + 



«c + 



which implies that 



(p-1) 



™m (r) 



p-1 



p-1 



" N - 1 



Wl + 



" N-l 



wl (r] 



w\ (r) 



(r) 



in m 



(3.5) 



m / m . m 



< p m (r) .E/J E™?,..,.E™?) «(r)) , 



m / m 



< ^(r) E/< Etu?,., Ere* S^(r) 



i=l \ i=l i=l 



m I m 



i=l 



(3.6) 



< <p m (r) .E ^ H wt S .E «,* (r) 

2=1 \l = l 1 = 1 / \J=1 



p(jV-l) m 

We choose i? > so that r p- 1 E y> ■ (r) are non-decreasing for r > R. First we prove that < (i?) 

5=1 

and (wf (R)) , both of which are nonnegative, are bounded above independent of k. To do this, let 

4>f = maxj^jj (r) : < r < R}, i = 1, m. 
Using this and the fact that > (i = 1, ...,m), we note that (|3.6j) and (|3.5p yields 



(p-1) 



w\ (r) 



p-i 



ii N-l 



wl + 



w\ (r) 



m / m 



< ^E/i E E< S<(r 

J=l \J = 1 2=1 / \l = l 



(r) 



p-1 



" N-l 



m / m 



i=l \i=l i=l 



2=1 



which implies 



m 

E 
i=i 



u>? (r) 



m „ m / m 



< E 0f E /, ( Euij (r) , Efflj (r) ) ( S t«- (r) 



p — li=l i=l \i=l 

Integrate this equation from to r. We obtain 



i=l 



i=l 



in 

E 

i=l 



w\ (r) 



p-ii=i y x 



E fi(s,...,s)ds, 0<r<R. 



i=l 



Since p > 1 we know that 



(ai + ... + a m ) p < mP" 1 (a? + ... + <&) 



(3.7) 
(3.8) 
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for any non-negative constants a, (i = 1, ...,m). Using this inequality in (|3.7|) we have 

p-li=i J 1 



l-p 



S (r) 

1=1 



S u£(r) 



£ /i (a, a) ds, < r < R, 

i=l 



which yields 



P— 1 771 



Li?. / i=1 



1/p 



p - 1 i=l 

Integrating the above equation between and -R, we have 



£/i(a,...,a)da I , 0<r<i?. 

2 = 1 



T, fi(s, ...,s) ds 



i=i 



-i/p 



dt < 



I pm 



p-l / m 



p — 1 \i=l 



£ 1 i?. 



(3.9) 



By the assumption C3), we now conclude that £ (R) is bounded above independent of k and 



i=l 



using this fact in (13. 9p shows that the same is true of I £ (i?) I . Thus, the sequences (J?) and 



i=l 



(tj;^ (i?))' are bounded above independent of k. Now let us verify that the non-decreasing sequences 



p(iV-l) 



is bounded for all r > and all k. Multiplying (j3.6|) by -^-r p_1 an< ^ summing we have 



f p(JV-i) m 






r p- 1 £ 


[« 




I 4=1 







< 



p(iv-i) 

py. p— l m m ( m k 171 



— £ ^(r) E /i .£<,..., .£< 1 I E«;< 

1 1=1 4=1 \«=1 «=1 / \l=l 



and integrating gives 



R 



p(JV-l) m 

s p- 1 £ 

i=l 



1P1 ' 



ds 



< 



r p m P-l p(N-i) 



m m m 



R P~ 1 

Hence (j3JiD in ([3710]) gives 

p(iv-i) 
r p _1 m 



i=l i=l \ i=l 



a £ & (s) £ £ (a) , £ (a) £ ds. (3.10) 



i=l 



i=l 



l-p 



S< (r) 
i=i 



p(jv-i) m 
i?^^ - £ 

i=l 



< 



n p(N-l) m m ( m m 

-Ji- S *-i £ i Pi (a) £ /, £ (a) , .£ ^ (a) 
H P- 1 



i=l i=l \i=l 



i=l 



£ tltf I da 
i=l 



and thus 



p(JV-i) 

p— 1 



S<(r) 
j=i 



< R~p~=^~m p ' 1 £ 
i=l 



+ 



+ 



p(iV-l) 

P" 1 ^ p-i m m / m 



pm 1 a 



1, r j \ / . - ti t> i . - 
1 = 1 l=\ \l=\ 



£ ^ (a) £ /< £ «;* (a) , £ tc* (a) £ < da 



i=l 



i=l 



p(JV-l) m 

for r > R. Noting that, by the monotonicity of a p- 1 £ y?j (a) for r > s > R, we get 

j=i 



p(iV-l) 

p-l 



S<(r) 
i=i 



p-l p(Jv-i) m 
< c + ^^ r ^ £ Vi (r) F I £ < (r) ) , 

P — 1 1=1 V 't = l 
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where 



which yields 



C = R P m?" 1 E 



wHr) 



E to? ) < 

1=1 



E % (r)F E<(r 
p — 1 t=i \i=i 



(3.11) 



Since (1/p) < 1 we know that 



(b l + b 2 f p <b 1 1 /p + b 1 2 /p 



for any non- negative constants b{ {% = 1, ...,m). Therefore, by applying this inequality in (|3,lip we get 

i/p 



<ft 0) 



^ ( .s< (0 



Integrating the above inequality, we get 

m 

/■ S w k (r) 
£ io* (ii) 
i=l ' 

Integrating (|3. 12[) and using the fact that 



F[EwUr) 



-VP ( p-l rn 

P — 1 8=1 



1/p 



(3.12) 



VP / m \ Vj> / 1 

e «,,(,)] =(^ 1+£ )/ 2 .s^( s ) s -^)/ 2 ) <fi 



i/p 



2/p 

,s i+£ ( .E^ (r) ) + a" 



l-e 



for each e > 0, we have 



Ew?(r) 

r [F(t)]-^dt < ye I & 

Swf(R) JR 

z— 1 



1-iV 
1 



F ( SwJ (t) 



-i/p 



+ 



\ 1/p pmP^ 1 

V p-i 



v 7 ^ 



t 1+e S ^ (t) ] tft + / r 1-B c& 
B v =1 / Jr 

p-N 



+ 



l\ 1/p p pmP- 1 

V p-i 



m \ 2 /P 1 
E cp, (t) dt-\ 



(3.13) 



Since the right side of this inequality is bounded independent of k (note that w% (t) > 1/m), so is the left 



side and hence, in light of C3), the sequence < E > is a bounded sequence and so < w 



i=l 



k>l 



k>l 



3 > 3=1, 



are bounded sequence. Thus, for every x S R , it makes sense to define Wj (|x|) := lim in - (|x|) for all 
j = 1, m and so (w\, ...,w m ) is a positive solution of (|3.ip . 

Since, we have found upper bounds for {wj} ■ 1 we can let M be the least upper bound of E -u^ 

J 2 = 1 

and note that 

rn 

M = lim E Wi (r) . 

r— >oo i=l 
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Now let ipi (t) = minui-j Oj (x) and (i = 1, ...,m) be the positive increasing bounded solutions of 

rr / i r-t \ VP -1 

*>i (r) = M + y f y a"" Vi (a) /i («i 00 , (*)) dsj dt, 

v m (r) = M + y (^pvzr y s7V ~ Vm ( s ) fm (vi (s) , v m (a)) dsj dt, 

which, of course, satisfies (|3.ip with w% replaced with vi and ip i replaced with It is also clear that 
Vi > M (i = 1, ...,m). (The proof of the existence of and that it has the properties mentioned is 
similar to that given in the proof for Wi and is therefore omitted). Thus we have an upper solution 
(vi,...,v m ) and a lower solution (u?i, uu m ). Then the standard upper-lower solution principle (see 
Lemma l2.ip implies that the problem (jl.ip has a solution (u\, ...,u m ). 

We end this section analyzing the non-existence of solutions. For this, assume that (jl.4p holds. 
Arguing by contradiction, let us assume that the system has nonnegative nontrivial entire bounded 
solution (ui, ...,u m ) on M. N . Assuming Mi = sup xe]K jv u-i (x) (i = l,...,m) and knowing that u' { > 0, 
we get lim^oo Uj (r) = Mj (i = 1, ...,m). Thus there exists R > such that Uj > Mi/2 for r > R. 
From conditions of fi, it follows that 

fl /{p - l) ( Ul ,...,u m ) > / 1 1/(p - 1) (M 1 /2,...,M m /2):= C i 



(3.14) 



for r > R. On the other hand 

r r / ft \ 1 /(p -1 ) 

«1 > «l(0)+/ ft 1 "* / ^"VlW/l^W.-.UmW)* 







l/(p-l) 

(til (s) , u m (s)) (is (it. 



(3.15) 



Rearranging the terms, and by using the conditions (|3.14|) in (|3.15|) follows 
m / i \ V(p-i) /r m 

E m (r) > mci + c 2 - / t 1 ^ S (t) — )• oo as r — )• oo, 

i=i v^y i=i 

where ci = min{tti (0) , tt m (0)} and c 2 := min{cQ, c™} (see also [Tj). A contradiction to the 

m 

boundedness of S it, (r). This concludes the proof. ■ 



4 Proof of the Theorem 11.21 

We first notice that from \20\ Theorem 2] the problem 



A p z (r) = S a; (r) £ /; (z (r) , z (r)) for r := Id , x € IT V (4.1) 

i—l i=l 

has a non-negative non-trivial entire solution. Moreover, for each R > 0, there exists cr > such that 
z (J?) < cr. Due to the fact that z is radial, we have 

r 1 //■*„, m m \ ^^P- 1 ) 

z(r) = z(0)+ — jrr— j- ( / Z" 1 Soi(s) S/i(z(s),...,«(s))ds J dt for all r > 0. 
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We choose fi x S (0,z (0)]. Define the sequences {uf}^ on [0, oo) by 



n u = ... = u u m = p x f or a il r > o 

< (r) = ft + £ (p^r £ to /i to , -> "ST 1 to 



V(p-1) 



dsdt, 



\VH) 



k ^(r)=/3 1 + /;( F ^/ ' S w - 1 a m ( S )/ m (^- 1 ( S ),...,n^- 1 ( S ))) ' <fadt. 

r , > &>i 

With the same arguments as in the proof of Theorem 1 1.1 1 we obtain that {"uf}.^ m are non-decreasing 



sequence on [0, oo). Because z' (r) > follows < f3 l < z (0) < z (r) for all r > and so 



< z(0) + 



1 



V(p-i) 



<4to = 01+/ (pr=T /. ^"'oi to /<(«?(«), to) & J 



\ r ^0 



JV-1 



£ Oj (s) S /i (z (s) , z (s)) ds) dt = z (r) . 



dt 



i/(p-i) 



i=i i=i 

Thus u| (r) < z (r) (z = 1, ...,m). Similar arguments show that 

Ui (r) < z (r) for all r E [0, oo) and k > 1. 

Then, we may assume 

(m(|x|),...,n m (|x|)) := ( limttf (|x|) , Km u*, (M) ] , for every x € 

is an entire radial solution of system (jl.ip . 

Now, let (ui, u m ) be any non- negative non-trivial entire radial solution of (II. ip and suppose that 
Oj (i = 1, ...,m) satisfies (jl.5p . Since Uj (i = 1, ...,m) is nontrivial and non-negative, there exists i? > 
so that Ui (R) > 0. Since u\ > 0, we get Uj (r) > Uj (i?) for r > R and thus from 



1 



Ui (r) = Ui (0) + J j^zflj s N ~ 1 a i (s) /, («i (s) , ...,it m (s)) dsj dt, 



we obtain 



(r) = ^ (0) + J r (p^r J * 1 a i (s) /* (ui (s) , u m (s)) ds) /(P } dt 

> Ui (R) + fl /(p ~^ (ui (R) , u m (R)) f R (jt?=t s N ~ 1 a i (s) ds^j ^ ) dt -> oo as r -> oo, 
for all i = 1, m. 

Conversely, if /j (i = l,...,m) satisfy (C1)-(C3) and (u?i, .., w m ) is a nonnegative entire large solution 
of (|l.ip . then iOj satisfy 

(p-^^^^' + ^l^Urf- 1 = oi (r)/i(u>i,...,u> m ), 

r 

(p-l^^r^I + ^^frr 1 = a™ (r) /<(«*,...,«*„). 
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p(jv-i) m 

Then, using the monotonicity of r p- 1 E aj (r) we can apply similar arguments used in obtaining 
Theorem 11.11 to get 



Ewi (r) ) < 



P (i-N) p m P 1 n 



Cr p- 1 + 



p — 1 i=l 



E aj (r) F E iOj (r 



i/p 



i-w \pvnP~ 1 



p-l i=l 



E cii (r) 



i=l 



F ( .E^ (r) 



l/p 



and hence as in (|3,13p . we get 



i— 1 



< 



[f {t)r i/p dt 



i=l 



l/p 



1-jV 

f p- 1 dt + 



E 

i=i 



i? 



i=l 



< C R + I t 1+£ ( S a, (t) ) dt 



p- N 



2 p-l 



R 



i=l 



i=i 



2/p 



where 



-i/p 



g-jV 

p (p - 1) ^ 1 



p-N eR e 



F IZwi (R) 

Passing to the limit as r — > oo, we find that a,j (j = 1, ...,m) satisfies (|1.6|) . 
Remark 4.1. // (C1)-(C3) are satisfied then 

[ J ft (t, t) dt]-V p ds = oo, 2 = 1, m. 

Remark 4.2. fsee ^ 7/ (C1)-(C2) and 



i/b-i) 

E /j (s, ...,s) ) ds = oo, 



E 

i=i 



are satisfied, then 



E /j (s, s) I dsdi = oo. 

i=l 



1 vo 
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